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ABSTRACT 

In this paper, the model of the restricted four body problem with solar radiation pressure is formulated. The model was 

applied on the (Sun-Earth-Moon-Spacecraft) system. The equations of motion of spacecraft under the gravitational forces of sun, earth 

and moon with radiation pressure for the sun. The liberation points for the system was determined with vary values of solar radiation 

pressure. The relations between values of solar radiation and values of collinear liberation points (L1, L2, L3) are plotted.Zero velocity 

curves plotted for the Sun-Earth-Moon system with different values of solar radiation. 

Keywords: Liberation points, Sun-Earth-Moon Model, zero velocity curves,solar radiation pressure. 

1. INTRODUCTION 
Restricted four body problem (RFBP) describes the motion of massless body which moves under the gravitational effect of 

three finite masses called primaries.The influence of solar radiation pressure on spacecraft near liberation points is important for space 

mission. There are many different methods that are developed to model the force that is imparted by SRP on spacecraft. The four body 

system was selected for this problem(Sun-Earth-Moon-Spacecraft). The four body problem and solar radiation was studied by many 

authors. 

Radzievskii[1] was the first to formulate and discussthe problem, for three specific bodies: the sun, a planet,and a dust 

particle, which was consider the sun as source of radiation and take it as force in equations of motion. Burns et al. [2] discussed the 

radiationforces on small particles in the solar system and examinedthe different types of effect of the radiating body.Schuerman[3] 

determined the equilibrium points andexamined their stability in the presence of radiation pressureand P-R drag forces.Kalvouridis et 

al. [4] discussed the effect ofradiation force due to primaries in the restricted four-bodyproblem using Radzievskii’s model.Singh and 

Ishwar[5] have studied the planar restricted three body problem when thetwo primaries are oblateness and radiating. Simmons et al. [6] 

investigated and obtained a complete solution of the photo-gravitational restricted three body problem for all values of the radiation 

pressures of both primaries and for all mass ratios.Kunitsyn and Polyakhova [7] havestudied photo-gravitational restricted three-body 

problem and have pointed out that radiation plays an importantrole in particles dynamics and in several cases may produce significant 

directions from purely gravitationalbehavior.  
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2. Restricted four body problem 

 

Figure 1The Earth-Moon-Sun Configuration in Rotating Coordinates 

The restricted four-body problem (R4BP) deals  with the motion of an infinitesimalmassm(spacecraft) in the gravitational 

field ofthree primary MS is the mass of the Sun , ME is the mass of the Earth , MM  is the mass of the Moon, CM is the center of the 

mass of the Earth and Moon. The Sun, Earth, and Moon all rotate around the barycenter of the entirety of system B. The spacecraft 

moves near the Earth-Moon system. Figure (1) has two reference frames. ξ, η andζare the inertial coordinates for the system, with the 

origin B at the mass center of the four-body system. Frames x, y, and z rotate with angular velocity Ω about the barycenter Band = 𝜔𝑡. 

The equations of motion in the inertial coordinates become:  

x =
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The equations of motion of the spacecraft are expressed in dimensionless units for masses and distances between 

bodies,dividing all masses by the total mass of the Earth-Moon and dividing all distances by that between the Earth and Moon, so that 

the gravitational constant and mean motion of the Earth-Moon are taken as being in unity. 

Then, the masses of the Earth, Moon, and Sun in the canonical system are: Mass of the Earth =  μ
E

= 1 − μ =
ME  

ME  +MM  
= 0.9878715; 

Mass of the Moon =μ
M

= μ =
ME  

ME  +MM  
= 0.0121506683; Mass of the Sun = μ

S
=

MS  

ME  +MM 
= 328900.48; the distance between the 

Sun and the center of the system= Rs = 389.1723985. 

3. Solar radiation effect 

The radiation force acting on small particle is obtained by  

F⊙
rad =

L⊙

4πrs
2c

A                                    (4) 

L⊙ : is Luminosity of the sun 

A: is the cross-section area of the particle 

C: is the speed of light. 



Vol-3, Issue-10 PP. 901-906                                                                                                      ISSN: 2394-5788                                     

                        

  

903 | P a g e                      3 0  O c t o b e r  2 0 1 6                w w w . g j a r . o r g  

According to Newton-Lebedev Law the general photo-gravitational force is described as the geometrical sum of twoopposite 

forces: 

Apart from the gravitational acceleration of the Sun on the spacecraft,   

Fgr =
GMsm

r2  

F = Fs
gr − Fs

rad = Fs
gr  1 −

Fs
rad

Fs
gr  = Fs

gr (1 − β)                       (5) 

 

whereβ =
Fs

rad

Fs
gr =

L⊙

4πrs
2c

1

GMs

A

m
                          (6) 

 

As can be seen from equ (6) the reduction βis the function of the so-called: area mass ratio  
A

m
of spacecraft and β is independent of the 

distance r3 between the Sun and the spacecraft. 

4. Equations of motion with effect of solar radiation 

Now, the transformation between the x, y, and z frames and the ξ, η, and ζ frames can be represented by: 

 
ξ

η

ζ

 =  
cos θ sin θ 0

− sin θ cos θ 0
0 0 1

  
x
y
z
    

The equations of motion of the spacecraft under the effect of solar radiation in the rotating system become: 

ξ − 2η − ξ = −
 ξ−μ  1− μ 

R𝕤 E
3 −

 ξ−1−μ μ

R𝕤 M
3 −

(1−β) ξ−RS cos θ μS

R𝕤 S
3  ,                                   (7) 

η + 2ξ − η = −
μ

R𝕤E
3 η −

 1− μ η

R𝕤 M
3 −
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R𝕤 S
3 ,       (8) 

ζ = −
ζμ

R𝕤E
3 − 

ζ 1− μ 

R𝕤 M
3 −

(1−β)ζμS

R𝕤 S
3                       (9) 

Where,R1 ,R2  and R3  are the distances of the spacecraft from the Sun, Earth, and Moon, in rotating coordinates, are given as: 

R1 =  (ξ − ξ
S

)2 + (η − η
S

)2 +  ζ2   
;       R2 =  = (ξ + μ)2 + η2 + ζ2   

;   R3 =  (ξ − μ + 1)2 + η2 + ζ2   
 

 

5. Liberation points  

By writing the equations of motion in suitable form 

ξ − 2η = Uξ                                 10 

η + 2ξ = Uη                                 11 

ζ = Uζ                                  12 

Where, 
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To get equilibrium points by putting the velocities and the accelerations components equal to zero in equs. (10), (11) and (12). from 

the equation (12) Uζ = 0, so that ζ equal zero therefore that all the liberation points are planar (Szebehely  [8] ) 

The equilibrium points can be obtained by solving the equations for ξ and η 
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Uη = η −
μ

R𝕤E
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S
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Table (1):  liberation points for the Sun-Earth-moon system with vary values of solar radiation pressure. 

β L1 L2 L3 L4,5 

0 0.836416 1.154923 −1.006898 (0.277654,±0.968569) 

.01 0.836421 1.154930 −1.006880 (0.277261,±0.968639) 

.02 0.836426 1.154938 −1.006861 (0.276866,±0.968708) 

.04 0.836436 1.154953 −1.006825 (0.276073,±0.968848) 

.06 0.836446 1.154968 −1.006788 (0.275276,±0.968989) 

.08 0.836456 1.154983 −1.006751 (0.274473,±0.969130) 

1 0.836466 1.154998 −1.006714 (0.273665,±0.969272) 

 

Table (1) illustrates the dimensionless positions of the liberation points of the Sun- Earth-Moon system under the effect of solar 

radiation pressure. Table (1) and figures (2),(3) and (4) illustrate the positions of L1, L2 and L3 shifted from left to right with 

increasing the values of solar radiation.   

 

 
Figure 2 variation of L1 with values of β 

 

Figure 3  variation of L2 with values of β

 

 

Figure 4 variation of L3 with values of β 
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6. Jacobi integral 

By multiplying (10), (11), and (12) by ξ , η  and ζ  
Respectively, and adding the equations, these become: 

ξ ξ + η η +  ζ ζ =
∂U

∂ξ

∂ξ

∂t
+  

∂U

∂η

∂η

∂t
+

∂U

∂ζ

∂ζ

∂t
 ,         (13) 

1

2

d

dt
[ξ 

2
+ η 2 + ζ 

2
] =

dU

dt
          (14) 

By integration equation (14) 

 ξ 
2

+ η 2 + ζ 
2
 = 2U − C           (15) 

This equation is called the Jacobi integer; when velocity equals zero, equation (15) becomes  

2U = C            (16)  

Figures (5), (6), (7) and (8) display the counterplots for the Sun-Earth-Moon system with different values of solar radiation.  

 

 
Figure 5zero velocity curves for sun-earth-moon at β =0.02 

 
Figure 6 Contour Plot for sun-earth-moon at 𝛃=.04 

 

Figure 7 Contour Plot for sun-earth-moon at 𝛃=.06 

 

Figure 8 Contour Plot for sun-earth-moon at β=.08 
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7. Conclusion  

 In this study, the equations of motion for the restricted four-body problems were deduced. These equations are applicable 

Sun-Earth-Moon-spacecraft system. The equation of solar radiation added to the equations of the system. The equations were solved to 

get the liberation points with solar radiation effect. The locations of the liberation points were calculated for different values of solar 

radiation. The positions of L1, L2 and L3 shifted from left to right with increasing the values of solar radiation. Zero velocity curves 

were deduced and plotted for the Sun-Earth-Moon system with different values of solar radiation.  
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