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Abstract: In this paper a sharp upper bound of third Hankel determinant H3(1) for the functions belonging to a subclass

of alpha convex functions is established. By giving the particular values to alpha, it is easy to obtain the upper bound of
H3(1) for starlike and convex functions.
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1. Introduction

Let A be the class of analytic functions of the form

f(z)=2+) a.z" (1.1)

in the unit disc E :{Z :|Z|<1}.
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By S we denote the class of functions f (Z) € A and univalent in E.

M, denote the class of functions f(Z)eA and satisfying the condition

! 2¢nm
re) H'(@)+a2’t'(2) >00<a<lzeE. (1.2)
(L—a)f(2)+azf'(z)

The class M, is the subclass of alpha-convex functions studied by Singh [11]. Also M, = S”, the class of starlike

functionsand M, = K, the class of convex functions.

For the complex sequence &,,8,,;,8,,, - the Hankel matrix, named after Herman Hankel(1839-1873), is the infinite

matrix whose (i, j)th entry ;; is defined by

a, =a (i,j,neN).

ij = “n+i+j-2

The g™ Hankel matrix (q e N\ {1} ) is by definition, the following q x g square sub matrix:

a‘n a‘n+1 an+q—l
an+l
a'n+q—1 an+2q—2

We observe that the Hankel matrix has constant positive slopping diagonals whose entries also satisfy:

a; =a,,,,(0eN\{L;jeN)

]

This also describes the Hankel matrix without reference to a particular sequence. The determinant of the g™ Hankel matrix,
usually denoted by

an an+l an+q—1
a'n+l
H q (n) = )
an+q—1 an+2q—2

is called the g™ Hankel determinant. In the particular cases
g=2,n=la =1 and g=2,n=2,
the Hankel determinant simplifies respectively to
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Hz(l):‘a3 —azz‘ and HZ(Z):‘aZa4 —asz‘,

In this paper, we consider the Hankel determinant in the case g =3 and n =1,

a a, g,
H 3 (1) =@, a3 a4,
a, a, a

H,(2) and H,(1) are respectively called second and third Hankel determinants.
For f €S,a, =1 sothat,
H,(1)=a,(a,a, —a2)-a,(a, —a,a, )+a;(a, —a?)
and by using the triangle inequality, we have
H, (1) < |a 2,2, —a3| + |a,|a,a; —a,|+|as|a, — a7 (1.3)

Second Hankel determinant for various classes has been extensively studied by various authors including Singh[11,12],
Mehrok and Singh[8] and Janteng et al.[3,4,5]. But Third Hankel determinant has been studied by some of the Researchers
including Babalola [1] and Shanmugam et al.[10].

For our discussion in this paper, we consider the third Hankel determinant and obtain an upper bound to the functional
H3(1) for the functions in the class M .. - Results due to Babalola [1] follows as special cases.

2. Preliminary Results

Let P be the family of all functions p analytic in E for which Re(p(z))> Oand

p(z)=1+ p,z+ p,z% +...
for z e E.

Lemma2.1.[9] If pep,then |pk| < 2(k =1,2,3,...).

Lemma 2.2.[6,7] If p €p, then
2p, = pf +(4-p? ),

4p, = 2 +2p, (8- p? Jx— p,(4- p? W + 24— p2 - |’ )
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for some x and z satisfying |X| < 1,|Z| <land p, € [0,2].
Lemma2.3.[2] If p ep, then

ol 1o if 0<o<2
2 ]
20-1) if 0>2
Lemma 2.4.[11] If f(z)e M, , then
‘a a —aZ‘S;.
T a1+ 3a)
3.  Main Results
Theorem3.11f f € M _, then
2
<
|a2|_1+a’
3
<
|a3|‘1+2a’
a,| <
7143
and
5
< .
|a5|_1+4a

Proof. Since f(z) € M, then there exists p € P such that

2t (2)+ 02?1 "(2)
)@ rat (@) "D

Equating coefficients in (3.1) yields
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2

_ R P
%= 201+ 205)+ 201+ 2a)’

(3.3)

3

. PP, P1
%= 301+ 3e) " 2(1+3a) ’ 6(1+3a)’

(3.4)

= P, PP P BB
l+4a) 41l+4a) 81+4a) 31+4a) 24(1+4a)

(3.5)

and the results follow by triangle inequality and using Lemma 2.1.

Theorem3.21f f € M _, then

2 if a=0
‘azas—a4‘£ 2

if O<ac<l.
3(1+3a)

Proof. From equations (3.2),(3.3) and (3.4), we obtain

g —a - ~2’pp,  (2+6a-2a’)p} _ p, | .
T M o)1+ 20 )14 3a) | 6(L+ a1+ 2a\i+3a) 3(1+3ar) (3.6)

Substituting for P, and P, from Lemma 2.2 and letting P, = P, we get

| @+3e-40?)p®  (+3a+5a%)px(4-p?) p(a-p?) (4—p2)(1—|x|2)z
‘a2a3_a“‘_‘4(1+a)(1+ 2a\1+3c) 6(+a)l+2a\l+3a)  120+3a)  6(+3q) ‘

Since |p| = | pl| < 2 by using Lemma 2.1, we may assume that p € [0,2]. Then using triangle inequality and |Z| <1 with

pP= |X| , We obtain

(1+305—4052)p3 (1+305+5a2)p(4—p2)p (4—p2) (p—2)(4—p2)p2
(1+a)(1+2a)(1+3a)+ 6(1+ )1+ 2 )1+ 3) +6(1+3a)+ 12(1+3a)

2,8, —a,| < n

=F(p)

Then

()= (1+3a+5a2)p(4— p2)+ (p—2)(4— pz)p
P ol a)lt2a)l432)  6(L+3a)
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Note that F'(p)> F'(1)> 0. Then there exists p* €[0,2] such that F'(p)>0for pe(p*,2] and F'(p)<0
otherwise. Thenfor p e (p*,2], F(p) < F(1).

But

F(l)_ (1+3a+40t2)p 2a2 p3
- (+a)l+2a)1+3a) (@+a)l+2a)l+3a)

=G(p)

If « =0, we have G(p): p<2

_ o 1+3a+4a®
Otherwise G(p) ismaximumat p = 6—2 and is given by
a

&(p)< 201+3a+40?)  [1+3a+4a’
T 31+ a)l+2a)1+3a) 6a®

If pel0,p] then F(p)< F(0)thatis

(1+30:—40:2)p3 (4— pz)

Flp)<
(v) 4+ o)+ 2a)L+3a) 6L+ 3a)
=G(p)
Now G(p) turnsatp=0or P = 381— ;;2(];22()2[; with its maximum at p = 0.
Hence ‘aa —-a ‘SL
2 T 31+ 3)

For a =0, Theorem 3.2 agree with the following result due to Babalola [1].

Corollary 3.2.1 If f(z)e S, then
a8, —a,[<2.
For a =1, Theorem 3.4 gives the following result due to Babalola [1].

Corollary 3.2.2 If f(z)eK, then
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2,8, —a,| < %

Theorem331f f € M, then

1
1+ 2a

‘ag—aj‘s

Proof. Since f (Z) € M, then using equations (3.2) and (3.3) we obtain

‘a _a2‘=| p2 _ pf(1+2a—a2)|
P20 2a) 21+ 20 )1+ @)
_ 1 5 _2(1+2a—a2)p_12
0+2a) " (+af 2]
2
Using Lemma 2.3, with OSG:M?)SZ, we have
1+a)
‘ag—aj‘s1+2a.
Theorem3.41f f € M _, then
16 if a=0

IH, (L) <1 32+ 224a +4450:% +199°

if O<a<l.
31+ )1+ 2a )L+ 3a) (1+4a) “

Proof. Using Lemma 2.4 and Theorems 3.1, 3.2 and 3.3 in inequality (1.3), the above result can be easily obtained.

For a =0, Theorem 3.4 agree with the following result due to Babalola [1].
Corollary 3.4.1 If f(z)e S”, then
H,(1) <16.
For a =1, Theorem 3.4 gives the following result due to Babalola [1].

Corollary 342 If f(z)eK, then
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