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ABSTRACT

We prove a new common fixed point theorem with rational inequality for two random operators defined on a non- empty
closed subset of a separable Hilbert Space. Our results generalize and extend the result of Choudhury [2].
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1. INTRODUCTION
The random fixed point theory is started by Prague school of Probabilists in 1950 [6, 9]. In recent years this theory has
attracted much attention of many mathematicians some of them are [1, 2, 3, 4, and 8].

In this paper we find a new common fixed point theorem with rational inequality for two random operators defined on

separable Hilbert spaces. For this we construct a sequence of measurable function of random fixed point to the two
random operators.

2. PRELIMINARY NOTES
Let H be a Hilbert space and C is a closed subset of H. Let (©, X) be measurable space.

Definition 2.1

A function f: Q — C is called measurable if f~1(B n C) € X for each Borel subset B of H.
Definition 2.2

A function F: Q x C — C is called random operator ifF(.,x): Q — C is measurable for all x € C.
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Definition 2.3

A measurable function g: Q — C is called a random fixed point to the random operator F: Q x C - C if F(t, g(t)) =
g(t) forallt € Q.

Definition 2.4
A random operator F: Q x C — C is called continuous if for fixed t € Q, F(t,.):C — C is continuous.
Condition

Let C be the any non-empty closed subset of a Hilbert Space H then two mappings S,T:C — C is said to satisfy
Condition if

lly —Sx||?
L{lx=Sx || lx=Ty |2

ISx = Tyll* < allx = ylI* + Bllx = SxII? + ly = TylI>) + y(llx = TylI* + lly — SxII*) + &

Where a, 8,y and § are non-negative realand 0 < a + 28 + 4y + 46 < 1

MAIN RESULTS
Theorem 3.1

Let C be a non-empty closed subset of a Separable Hilbert space H. Let S and T be two continuous random operators defined on C
such that for t € Q,S(t,.),T(t,.): C — C satisfy Condition (1.1), then S and T have a unique common fixed point in C.

Proof We
construct a sequence of functions {g,, (t)} as go: Q — C is arbitrary measurable function fort € Qandn = 1,2, ... ... ...

Ion+1(®)=5(, g2 () and o2 (&) = t(t, G2n11 (1))

192n+1(6) = G2n ONIP= IS(t, 20 () — T (t, G201 (O)II?

< allgon (®) = Gon-1 O + B ([|g20 ) = (&, g2 O] + | g20-1 ) = T(t, G2ua ©)]*)
+¥ (1920 () = T(t, g2n—1 EINI* + 1 g2n—1 () — S(&, G2, AN
lg2n—1(t)) = S(t, g()II?

1+ 11920 (©)) = S(tGan+1 )2 g20 (£)) = T(t, g2n—1 NI
= allg2n () = g2n—1 O + BUIG2n ) = G2n+1ON* + |g2n-1(t) — g2 OII*)
+ YUl920 ) = G2n ODNZ + 19201 () = Gan+1 ()P
s 1920—1 () = G2n+1 ()2

1+ 11920 () = g2n+1 )2l G20 (£)) — g2n EDII?

+ 6

+

= allgzn @) — Gan—1ON? + BUIG2n ) — G2n+1 O + 11g20-1() — G2n OI?) + ¥Ig2n-1)) — G2n+1ENII?
+ 8llg2n-1(8)) = gans1 (O)II?

= (@ + Pllg2n® = g2n-1ON* + Bllg2n (®) = G2nr1 O + (¥ + O g2n-1()) = gan+1 EDII*

< (@ + Bllg2n @ = g2n-1ON? + Bllgan (®) = G2ns1 O + (¥ + 82 1192041 () = g2 ODNI* + 211920 () = G201 (O
=(a+B+2y+28)gzn () — Gzn-1ONI? + B + 2y + 20)1g2n (&) — G2n11 O
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= (1= B +2y +20))gz2n+1 () = g2 OII?
< (@+B+2y+28)g2n () — Gon—1®II?

= “92n+1 (t) — 92n (t)llz

<a+B+2y+26
“\1-(B+2y+26)

)llg2n (©) = gon 1 @I
Forallte Qand n=1,2, ... ...
Similarly,

1920 (©) = g2n-1OII?

(a+ﬁ+2y+26
“\1-(B+2y+26)

)11g20 1.0 = g0 > I
Forallte Qand n=1,2, .. ...
Ingeneral forallt e Qand n=1,2,.........

2 28
19 ~ gna DI < (FLE2Y

m) lgn-1(8) = gn—2(OII*

a+p+2y+26
And 0 < (1—(B+2y+26)) <1

It is clear that the sequence {g,, (¢)} is a Cauchy sequence and hence it is convergent in Hilbert spaceH.
Suppose that {g,, (t)} = g(t) asn » o fort € Q

Since g: C = C is closed.
g = St gO)° = 190 = Gon ) + g20 (&) = S(£,9®)||°
< 2)|g(®) = gan (DN + 2[1g20 (©) — S(t, g@®)]’

= 2]|g(®) = Gan O + 2| T(t, g201(®) = S(t, g )|’

< 2l19(6) = gon (OI? + 2allg2n—1(®) = GO + 28 (|| g2n-1(®) = T(t, g2n 1 @)k * + g (O) = (&, g(N)I1?)
+ 27 (I1g20-1(8) = SCt, g2 + lg(0)) = T(t, g2u 1 (DI
lg2n—1(t)) = S(t, g()II?

* 1+ llg®) =St gNN*lg(®)) = T (¢, gan-1E)II?

Letting n — o, {g,, (t)} = g(t) we have

llg® —S(t, g < @B + 2y + &)||lg® — S(t, g®)||*, Forall ¢t € 0
Since0 <2 +2y+6<1

Therefore for all t € Q, we have S(t, g(t)) = g(t)
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Similarly we can prove that forall t € Q. T(¢t,g(©)) = g(o).

Himmelberg [7] had proved if G: Q x C — C is a continuous random operator on closed subset C then for any measurable function
f:Q - C the function h(t) = G(t, £(£)), is also measurable function.

Thus {g, ()} is a sequence of measurable function. And hence g is also a measurable function.

This implies that g(t) is a common random fixed point of S and T.

Uniqueness
Suppose that h(t): Q — C be another common random fixed point of S and T.

Therefore, forall t € Q,
S(t,h(®) = h(D),
T(t, h(t)) = h(t)

Now

llg(e) — hOI? = ISt 9(®)) = T(&, R )|

< allg®) — k@I + 8 (g(©) = 5(t, g2 @)’ + |1(0) = St D)) + ¥(Ulg() = T, RO + IA(E) = S(t, g(E)II?)
lR(®) — S(t, g
1+ [|lg(® - 5(t, g@)|*l9® = T(e, h®)||”

= (a+2y +8)llg) — h@®)|?
But0<a+2y+6<1
Hence, g(t) = h(t) Forall t € Q.

Hence, S and T have a common unique fixed point in C.
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