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ABSTRACT 

We prove a new common fixed point theorem with rational inequality for two random operators defined on a non- empty 

closed subset of a separable Hilbert Space. Our results generalize and extend the result of Choudhury [2]. 
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1. INTRODUCTION 
The random fixed point theory is started by Prague school of Probabilists in 1950 [6, 9]. In recent years this theory has 

attracted much attention of many mathematicians some of them are [1, 2, 3, 4, and 8]. 

In this paper we find a new common fixed point theorem with rational inequality for two random operators defined on 

separable Hilbert spaces. For this we construct a sequence of measurable function of random fixed point to the two 

random operators. 

2. PRELIMINARY NOTES 

Let 𝐻 be a Hilbert space and 𝐶 is a closed subset of 𝐻. Let  Ω, Σ  be measurable space. 

Definition 2.1 

 A function 𝑓: Ω → 𝐶 is called measurable if 𝑓−1 𝐵 ∩ 𝐶 ∈ Σ for each Borel subset 𝐵 of 𝐻. 

Definition 2.2 

 A function 𝐹: Ω × C → 𝐶 is called random operator if𝐹 . , 𝑥 : Ω → 𝐶  is measurable for all 𝑥 ∈ 𝐶. 
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Definition 2.3 

 A measurable function 𝑔: Ω → 𝐶 is called a random fixed point to the random operator 𝐹: Ω × C → 𝐶 if 𝐹 𝑡, 𝑔 𝑡  =

𝑔(𝑡) for all 𝑡 ∈ Ω. 

Definition 2.4 

 A random operator 𝐹: Ω × C → 𝐶 is called continuous if for fixed 𝑡 ∈ Ω,  𝐹 𝑡, .  : C → 𝐶  is continuous. 

Condition  

 Let 𝐶 be the any non-empty closed subset of a Hilbert Space 𝐻 then two mappings 𝑆, 𝑇: C → 𝐶  is said to satisfy 

Condition  if 

 𝑆𝑥 − 𝑇𝑦 2 ≤ 𝛼 𝑥 − 𝑦 2 + 𝛽  𝑥 − 𝑆𝑥 2 +  𝑦 − 𝑇𝑦 2 +  𝛾  𝑥 − 𝑇𝑦 2 +  𝑦 − 𝑆𝑥 2 + 𝛿
 𝑦−𝑆𝑥 2

1+ 𝑥−𝑆𝑥 2 𝑥−𝑇𝑦 2  

Where 𝛼, 𝛽, 𝛾 and 𝛿 are non-negative real and 0 < 𝛼 + 2𝛽 + 4𝛾 + 4𝛿 < 1 . 

 

3. MAIN RESULTS 

Theorem 3.1                                                                                                                                         
Let 𝐶 be a non-empty closed subset of a Separable Hilbert space 𝐻. Let 𝑆 and 𝑇 be two continuous random operators defined on 𝐶  

such that for 𝑡 ∈ Ω, 𝑆 𝑡, .  , 𝑇(𝑡, . ): C → 𝐶 satisfy Condition (1.1), then 𝑆 and 𝑇 have a unique common fixed point in 𝐶. 

Proof                                                                                                                                                    We 

construct a sequence of functions {𝑔𝑛(𝑡)} as 𝑔0: Ω → 𝐶   is arbitrary measurable function for 𝑡 ∈ Ω and 𝑛 = 1,2, ……… 

𝑔2𝑛+1 𝑡 =𝑆(𝑡, 𝑔2𝑛 𝑡 ) and 𝑔2𝑛+2 𝑡    =    𝑡(𝑡, 𝑔2𝑛+1 𝑡 ) 

 𝑔2𝑛+1 𝑡 − 𝑔2𝑛 𝑡  
2=  𝑆(𝑡, 𝑔2𝑛 𝑡 ) − 𝑇(𝑡, 𝑔2𝑛−1 𝑡 ) 2 

                                             

≤ 𝛼 𝑔2𝑛 𝑡 − 𝑔2𝑛−1 𝑡  
2 + 𝛽   𝑔2𝑛 𝑡 − 𝑆 𝑡, 𝑔2𝑛 𝑡   

2
+  𝑔2𝑛−1 𝑡 − 𝑇 𝑡, 𝑔2𝑛−1 𝑡   

2
 

+ 𝛾   𝑔2𝑛 𝑡 ) − 𝑇(𝑡, 𝑔2𝑛−1 𝑡 ) 2 +  𝑔2𝑛−1 𝑡 ) − 𝑆(𝑡, 𝑔2𝑛 𝑡 ) 2                                                      

+  𝛿
 𝑔2𝑛−1 𝑡 ) − 𝑆(𝑡, 𝑔 𝑡 ) 2

1 +  𝑔2𝑛 𝑡 ) − 𝑆(𝑡𝑔2𝑛+1 𝑡 ) 2 𝑔2𝑛 𝑡 ) − 𝑇(𝑡, 𝑔2𝑛−1 𝑡 ) 2

= 𝛼 𝑔2𝑛 𝑡 − 𝑔2𝑛−1 𝑡  
2 + 𝛽  𝑔2𝑛 𝑡 − 𝑔2𝑛+1 𝑡  

2 +  𝑔2𝑛−1 𝑡 − 𝑔2𝑛 𝑡  
2 

+  𝛾  𝑔2𝑛 𝑡 ) − 𝑔2𝑛 𝑡 ) 2 +  𝑔2𝑛−1 𝑡 ) − 𝑔2𝑛+1 𝑡 ) 2 

+        𝛿
 𝑔2𝑛−1 𝑡 ) − 𝑔2𝑛+1 𝑡 ) 2

1 +  𝑔2𝑛 𝑡 ) − 𝑔2𝑛+1 𝑡 ) 2 𝑔2𝑛 𝑡 ) − 𝑔2𝑛 𝑡 ) 2
 

= 𝛼 𝑔2𝑛 𝑡 − 𝑔2𝑛−1 𝑡  
2 + 𝛽  𝑔2𝑛 𝑡 − 𝑔2𝑛+1 𝑡  

2 +  𝑔2𝑛−1 𝑡 − 𝑔2𝑛 𝑡  
2 +  𝛾 𝑔2𝑛−1 𝑡 ) − 𝑔2𝑛+1 𝑡 ) 2

+  𝛿 𝑔2𝑛−1 𝑡 ) − 𝑔2𝑛+1 𝑡 ) 2 

=  𝛼 + 𝛽  𝑔2𝑛 𝑡 − 𝑔2𝑛−1 𝑡  
2 + 𝛽 𝑔2𝑛 𝑡 − 𝑔2𝑛+1 𝑡  

2 + ( 𝛾 + 𝛿) 𝑔2𝑛−1 𝑡 ) − 𝑔2𝑛+1 𝑡 ) 2 

≤  𝛼 + 𝛽  𝑔2𝑛 𝑡 − 𝑔2𝑛−1 𝑡  
2 + 𝛽 𝑔2𝑛 𝑡 − 𝑔2𝑛+1 𝑡  

2 + ( 𝛾 + 𝛿) 2  𝑔2𝑛+1 𝑡 ) − 𝑔2𝑛 𝑡 ) 2 + 2 𝑔2𝑛 𝑡 − 𝑔2𝑛−1 𝑡  
2 

=  𝛼 + 𝛽 + 2𝛾 + 2𝛿  𝑔2𝑛 𝑡 − 𝑔2𝑛−1 𝑡  
2 +  𝛽 + 2𝛾 + 2𝛿  𝑔2𝑛 𝑡 − 𝑔2𝑛+1 𝑡  

2 
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⇒  1 −  𝛽 + 2𝛾 + 2𝛿   𝑔2𝑛+1 𝑡 − 𝑔2𝑛 𝑡  
2 

≤  𝛼 + 𝛽 + 2𝛾 + 2𝛿  𝑔2𝑛 𝑡 − 𝑔2𝑛−1 𝑡  
2 

⇒  𝑔2𝑛+1 𝑡 − 𝑔2𝑛 𝑡  
2 

≤  
𝛼 + 𝛽 + 2𝛾 + 2𝛿

1 −  𝛽 + 2𝛾 + 2𝛿 
  𝑔2𝑛 𝑡 − 𝑔2𝑛−1 𝑡  

2 

For all𝑡 ∈ Ω and   𝑛 = 1,2,……… 

Similarly, 

 𝑔2𝑛 𝑡 − 𝑔2𝑛−1 𝑡  
2 

≤  
𝛼 + 𝛽 + 2𝛾 + 2𝛿

1 −  𝛽 + 2𝛾 + 2𝛿 
  𝑔2𝑛−1 𝑡 − 𝑔2𝑛−2 𝑡  

2 

For all𝑡 ∈ Ω and   𝑛 = 1,2,……… 

In general for all 𝑡 ∈ Ω and   𝑛 = 1,2, ………  

 

 𝑔𝑛 𝑡 − 𝑔𝑛−1 𝑡  
2 ≤  

𝛼 + 𝛽 + 2𝛾 + 2𝛿

1 −  𝛽 + 2𝛾 + 2𝛿 
  𝑔𝑛−1 𝑡 − 𝑔𝑛−2 𝑡  

2 

And 0 <  
𝛼+𝛽+2𝛾+2𝛿

1− 𝛽+2𝛾+2𝛿 
 < 1 

It is clear that the sequence {𝑔𝑛 𝑡 } is a Cauchy sequence and hence it is convergent in Hilbert space𝐻. 

Suppose that  𝑔𝑛 𝑡  → 𝑔(𝑡) as 𝑛 → ∞ for 𝑡 ∈ Ω 

Since 𝑔: 𝐶 → 𝐶 is closed. 

 𝑔 𝑡 − 𝑆 𝑡, 𝑔 𝑡   
2

=  𝑔 𝑡 − 𝑔2𝑛 𝑡 + 𝑔2𝑛 𝑡 − 𝑆 𝑡, 𝑔 𝑡   
2
 

≤ 2 𝑔 𝑡 − 𝑔2𝑛 𝑡   
2 + 2 𝑔2𝑛 𝑡 − 𝑆 𝑡, 𝑔 𝑡   

2
  

= 2 𝑔 𝑡 − 𝑔2𝑛 𝑡   
2 + 2 𝑇(𝑡, 𝑔2𝑛−1 𝑡  − 𝑆 𝑡, 𝑔 𝑡   

2
 

 

≤ 2 𝑔 𝑡 − 𝑔2𝑛 𝑡  
2 + 2𝛼 𝑔2𝑛−1 𝑡 − 𝑔 𝑡  2 + 2𝛽   𝑔2𝑛−1 𝑡 − 𝑇 𝑡, 𝑔2𝑛−1 𝑡  𝑘 

2
+  𝑔 𝑡 − 𝑆(𝑡, 𝑔 𝑡 ) 2 

+ 2 𝛾   𝑔2𝑛−1 𝑡 ) − 𝑆(𝑡, 𝑔 𝑡 ) 2 +  𝑔 𝑡 ) − 𝑇(𝑡, 𝑔2𝑛−1 𝑡 ) 2 

+        𝛿
 𝑔2𝑛−1 𝑡 ) − 𝑆(𝑡, 𝑔 𝑡 ) 2

1 +  𝑔 𝑡 ) − 𝑆(𝑡, 𝑔 𝑡 ) 2 𝑔 𝑡 ) − 𝑇(𝑡, 𝑔2𝑛−1 𝑡 ) 2 

Letting 𝑛 → ∞, {𝑔2𝑛(𝑡)} → 𝑔(𝑡) we have 

 𝑔 𝑡 − 𝑆 𝑡, 𝑔 𝑡   
2
≤  2𝛽 + 2𝛾 + 𝛿  𝑔 𝑡 − 𝑆 𝑡, 𝑔 𝑡   

2
 ,  For all 𝑡 ∈ 𝛺 

Since 0 < 2𝛽 + 2𝛾 + 𝛿 < 1 

Therefore for all 𝑡 ∈ Ω, we have 𝑆 𝑡, 𝑔 𝑡  = 𝑔(𝑡) 
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Similarly we can prove that for all 𝑡 ∈ Ω.  𝑇 𝑡, 𝑔 𝑡  = 𝑔(𝑡). 

Himmelberg [7] had proved if 𝐺: Ω × C → 𝐶  is a continuous random operator on closed subset  𝐶 then for any measurable function 

 𝑓: Ω → 𝐶  the function 𝑕 𝑡 = 𝐺 𝑡, 𝑓 𝑡  , is also measurable function.  

Thus {𝑔𝑛(𝑡)} is a sequence of measurable function. And hence 𝑔 is also a measurable function. 

This implies that 𝑔(𝑡) is a common random fixed point of 𝑆 and 𝑇. 

Uniqueness                                                                                                                                     
Suppose that 𝑕(𝑡): Ω → 𝐶 be another common random fixed point of 𝑆 and 𝑇. 

Therefore, for all 𝑡 ∈ Ω, 

                                    𝑆 𝑡, 𝑕 𝑡   = 𝑕 𝑡 ,  

 𝑇 𝑡, 𝑕 𝑡  = 𝑕(𝑡) 

Now  

 𝑔 𝑡 − 𝑕 𝑡  2 =  𝑆 𝑡, 𝑔 𝑡  − 𝑇 𝑡, 𝑕 𝑡   
2
 

≤ 𝛼 𝑔 𝑡 − 𝑕 𝑡  2 + 𝛽   𝑔 𝑡 − 𝑆 𝑡, 𝑔2𝑛 𝑡   
2

+  𝑕 𝑡 − 𝑆 𝑡, 𝑕 𝑡   
2
 +  𝛾  𝑔 𝑡 − 𝑇(𝑡, 𝑕 𝑡 ) 2 +  𝑕 𝑡 − 𝑆(𝑡, 𝑔 𝑡 ) 2 

+    𝛿
 𝑕 𝑡 − 𝑆(𝑡, 𝑔 𝑡 ) 2

1 +  𝑔 𝑡 − 𝑆 𝑡, 𝑔 𝑡   
2
 𝑔 𝑡 − 𝑇 𝑡, 𝑕 𝑡   

2 

=  𝛼 + 2𝛾 + 𝛿  𝑔 𝑡 − 𝑕(𝑡) 2 

But 0 < 𝛼 + 2𝛾 + 𝛿 < 1 

Hence, 𝑔 𝑡 = 𝑕 𝑡  For all 𝑡 ∈ Ω.   

Hence, 𝑆 and 𝑇 have a common unique fixed point in 𝐶. 
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